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Spin pumping and magnetization dynamics in ferromagnet-Luttinger liquid junctions
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(Dated: November 5, 2018)
We study spin transport between a ferromagnet (FM) with time-dependent magnetization and a conducting
carbon nanotube or quantum wire, modeled as a Luttinger liquid (LL). The precession of the magnetization vec-
tor of the ferromagnet due for instance to an outside applied magnetic field causes spin pumping into an adjacent
conductor. Conversely, the spin injection causes increased magnetization damping in the ferromagnet. We find
that, if the conductor adjacent to the ferromagnet is a Luttinger liquid, spin pumping/damping is suppressed by
interactions, and the suppression has clear Luttinger liquid power law temperature dependence. We apply our
result to a few particular setups. First we study the effective Landau-Lifshitz-Gilbert (LLG) coupled equations
for the magnetization vectors of the two ferromagnets in a FM-LL-FM junction. Also, we compute the Gilbert
damping for a FM-LL and a FM-LL-metal junction.
PACS numbers: 72.25.Mk,72.25.-b, 71.10.Pm,73.23.-b
I. INTRODUCTION
In the past years there has been a lot of interest in the field of
spintronics, due especially to the many possible applications
of spin-polarized transport. However, practical realization of
devices in which spin can be well controlled and which allow
for large stable spin currents is difficult. For instance, spin in-
jection from magnetic to normal materials is reduced due to a
large resistivity mismatch1, while the spin-polarized currents
obtained through optical pumping2 are small. Following the
ideas of adiabatic charge pumping in mesoscopic systems3,
Y. Tserkovnyak et. al. proposed a new method of obtaining
spin polarized currents through injection of spin from a fer-
romagnet with time dependent magnetization into a normal
metal4,5,6. The advantage of this method lies in the possibility
of direct significant spin current injection. The authors also
showed that spin pumping has important experimentally ob-
servable effects on the dynamics of the ferromagnet. In gen-
eral, the dynamics of a magnetization vector in a ferromag-
net is described by the LLG equation7. This includes a term
characterizing the precession of the magnetization vector in
an external magnetic field, as well as damping terms which
describe the reduction of the magnetization due to spin-flip
processes, etc. The coefficient of the damping term is called
“Gilbert damping”, and can be determined experimentally.
The spin loss in the ferromagnet due to spin pumping, gen-
erates a renormalization of the coefficients in the LLG equa-
tion. Of most experimental interest is the renormalization of
the Gilbert damping coefficient. The magnitude of this effect
is estimated in Refs. 4 and 5 for spin pumping from a FM into
a normal metal.
In this work we focus on spin pumping from a ferromagnet
into a Luttinger liquid. For this setup other theoretically in-
teresting questions also arise, like what is the effect of the
electron-electron interactions in the LL on the injection of
spin, and how the interactions will affect the renormalization
of parameters such as the Gilbert damping. We find that the
spin injection and the renormalization of the Gilbert damping
are suppressed due to interactions, and that the suppression
has a power law dependence on temperature.
The study of this setup is also important due to its possible
applications; given the excellent transport properties of some
LL’s, especially of carbon nanotubes, this setup would open
the perspective of transporting the injected spin over large dis-
tances without important losses. The study of spin pumping
into a Luttinger liquid is also of more general interest as a
prototype for the effect of Coulomb interactions (i.e. charging
effects ) on spin injection.
In section II we compute the spin current pumped into a LL
from a ferromagnet with a precessing magnetization. In sec-
tion III we apply this result to study a FM–LL–FM junction
assuming that the transport in the LL is ballistic. In section
IV we compute the renormalization of the Gilbert damping
parameter due to spin pumping from a FM into a finite size
Luttinger liquid with diffusive transport. In section V we re-
peat this analysis for a FM– LL– metal junction assuming that
the transport in LL is ballistic. We discuss the results and con-
clude in section VI.
II. SPIN PUMPING BETWEEN A FERROMAGNET WITH
TIME DEPENDENT MAGNETIZATION AND A
LUTTINGER LIQUID
We focus first on the spin current pumped from a FM into
a LL as a result of the precession in the FM’s magnetiza-
tion vector. We assume almost perfect backscattering, and
a small amount of tunneling between the LL and the FM.
The corresponding boundary conditions are ΨRα(x = 0) =
ΨLα(x = 0) = Ψα ∝ e
iφα(x=0)
, and similarly FRα(x =
0) = FLα(x = 0) = Fα ∝ eiφ
m
α (x=0)
. Here the operators
Ψ/FL/Rα correspond to the annihilation of a left/right mov-
ing electron with spin α =↑ / ↓ in the LL/FM, while φα and
φmα respectively are the corresponding bosonized operators in
the LL/FM sectors. The effective actions in bosonized vari-
ables for the LL and the FM are given by8
SLL =
∑
ωn
∑
a=ρ/σ
gaβ|ωn|
π
|φa(ωn)|
2,
SFM =
∑
ωn
∑
a=ρ/σ
β|ωn|
π
|φam(ωn)|
2, (1)
2where β is inverse temperature, φρ/σ = (φ↑ ± φ↓)/2, gσ = 1
and gρ = g is the interaction parameter in the LL.
In terms of the fermionic operators the tunneling Hamilto-
nian can be described by
Htun =
∑
α=↑/↓
(u1F
†
αΨα + h.c.)
+~m(t)·
∑
α/β=↑/↓
(u2F
†
α
~σαβ
2
Ψβ + h.c.), (2)
where ~m(t) is the time dependent magnetization in the ferro-
magnet in units of ~.
The spin current operator corresponding to tunneling into
the Luttinger liquid is
~I =
d
dt
[ ∫
dx ~M(x)
]
tun
=
∫
dx
~
(−i[ ~M(x), Htun]), (3)
where ~M(x) = ~
∑
α/β=↑/↓Ψ
†
α(x)
~σαβ
2 Ψβ(x) is the spin
density in the LL at position x. Consequently this can be writ-
ten as
~I = i(
u1
2
F †α~σαβΨβ +
u2
4
~mF †αΨα − h.c)
+(
u2
4
~m× ~σαβF
†
αΨβ + h.c.), (4)
where sums over repeated spin indices α and β are implied.
We compute the spin current using time depen-
dent perturbation theory 〈I(t)〉 = (−i/~)
∫
dt′Θ(t −
t′)〈[I(t), Htun(t
′)]〉:
〈~I(t)〉 = −
∫
dt′
~
{~m(t)Im[u∗1u2C(t− t
′)] + ~m(t′)Im[u∗2u1C(t− t
′)]} −
1
2
|u2|
2
∫
dt′
~
~m(t′)× ~m(t)Re[C(t− t′)]
=
~m(t)
~
Im(u∗2u1)Re[C(0)]−
∫
dω
h
C(ω)e−iωt[Im(u∗2u1)~m(ω) +
1
2
|u2|
2 ~m(ω)× ~m(t)] (5)
where C(t− t′) = −iΘ(t− t′)〈[F †α(t)Ψα(t),Ψ†α(t′)Fα(t′)]〉
is the retarded Green’s function, C(ω) =
∫
(dω/2π)C(t)eiωt
is the Fourier transform of C(t), and C(0) = C(ω = 0).
We assume that the terms proportional to Re[C(ω)] drop
from I(t). The function Re[C(ω)] is even with respect to fre-
quency. Since we are interested in frequencies smaller than
other parameters in the system (temperature, etc.) we can
Taylor expand Re[C(ω)] and keep only the lowest order con-
tributions. However the zeroth order expansion terms cancel,
while the next non-zero higher order terms are proportional to
ω2, and can be dropped from the current.
Also we can write9,10,11,
Im[C(ω)] ∝
1
kBT
(kBT
ǫ0
)δ+2
sinh
( ~ω
2kBT
)
×
×
∣∣∣Γ(1 + δ
2
+ i
~ω
2πkBT
)∣∣∣2, (6)
where δ = (1/g+1)/2− 1 for the case of a LL of interaction
parameters gρ = g, gσ = 1 , and δ = (1/g + 3)/4− 1 for the
case of a nanotube for which a typical g ∼ 0.25. Also, ǫ0 is a
high energy cutoff, and for a nanotube ǫ0 ∼ 1eV is the energy
level spacing.
For ~ω/kBT ≪ 1
Im[C(ω)] ∝ ~ω
(kBT
ǫ0
)δ∣∣Γ(1 + δ
2
)∣∣2, (7)
and for ~ω/kBT ≫ 1
Im[C(ω)] ∝ ~ω
(
~ω
2πǫ0
)δ
. (8)
For temperatures of the order of 100K and reasonable fre-
quencies achievable experimentally we can safely assume that
we are in the limit of ~ω/kBT ≪ 1, so that we can use the
first expression above. Consequently the injected spin current
has the same form as for non-interacting fermions4,5 but with
temperature dependent coefficients.
I(t) = −A1
(
~m×
d~m
dt
)
+A2
d~m
dt
, with
A1 =
Ar
2
( T
ǫ0
)δ
,
A2 =
Ai
2
( T
ǫ0
)δ
, (9)
where Ar ∝ |u2|2 and Ai ∝ Im[u∗1u2].
This is the main result of this paper. In the following sec-
tions we will apply this result to a few particular setups.
III. FERROMAGNET – LUTTINGER LIQUID –
FERROMAGNET JUNCTION
We first consider a ferromagnet – Luttinger liquid – ferro-
magnet junction. The magnetizations of the two ferromagnets
3are time dependent, and spin currents are injected into the wire
from both ends.
LL
FM FM
x=0 x=L
mm H H1 1 2 2
FIG. 1: Ferromagnet-Luttinger liquid-ferromagnet junction
We assume that the two contacts are identical, and that the
transport through the wire is ballistic, so that the spin current
~I and the spin chemical potential ~µs are uniform throughout
the wire.
The coupled Landau-Lifshitz-Gilbert equations4,7 for the
magnetization vectors in the two ferromagnets can be written
as:
d~mi
dt
= −γ ~mi × ~Hi + α0 ~mi ×
d~mi
dt
∓
γ
Ms
~I (10)
where γ = gµB/~, g is the gyromagnetic ratio, µB is the Bohr
magneton, α0 is the dimensionless bulk Gilbert damping con-
stant and Ms is the ferromagnetic saturation magnetization.
The index i = 1, 2 characterizes the two ferromagnets. Our
convention is that spin current flows from FM 1 to FM 2. Thus
the − sign in front of the term proportional to the spin current
in Eq. (10) corresponds to spin injection from FM 1 into the
wire, while the + sign corresponds to spin current flowing
from the wire into FM 2.
The total spin current flowing through the wire ~I = ~I10 −
~I1b = −
~I20 +
~I2b has two contributions. The terms ~Ii0 denote
the spin currents pumped from the two ferromagnets solely as
a result of the time dependence in the magnetization vectors.
The general form for these currents has been derived in the
previous section. As noted, their magnitudes depend only on
the nature of the junctions, and are independent of setup de-
tails. The second contribution, the backscattered currents ~Iib,
are the result of a spin flow back to the ferromagnets due to
spin accumulation in the Luttinger liquid. Since how much
spin accumulates on the wire depends on various setup pa-
rameters, the backscattered currents also depend on various
parameters such as the length of the wire, the spin flip time in
the wire, etc. In general, as has been derived in Refs. 9 and 11
~Iib =
θ
4π
~µs × ~mi −
~µs
µs
Iδ(µs, T ). (11)
Here θ is a dimensionless parameters which measures the ex-
change coupling between the FM and the LL9,11, and
Iδ(µs, T ) ∝ (4|u1|
2 + |u2|
2)kBT (kBT/ǫ0)
δ ×
× sinh
( µs
4kBT
)∣∣∣Γ(1 + δ
2
+ i
µs
4πkBT
)∣∣∣2. (12)
The spin chemical potential in the wire is related to the mag-
netization by ~µs(x) = ~M(x)/χ, where χ = 1/(2πv) is the
spin susceptibility in the LL. For the rest of the paper we as-
sume that the condition µs ≪ kBT is satisfied, and we take
Iδ(µs, T )/µs to be a coefficient independent of µs. We denote
it by T ∝ (4|u1|2 + |u2|2|)(kBT/ǫ0)δ .
From the above equations, the spin current is found to be
~I =
~I10 − ~I
2
0
2
+
θ2
4(32π2T 2 + θ2 + θ2 ~m1 · ~m2)
[8πT
θ
(~I10 + ~I
2
0 )× (~m1 − ~m2) + (~m1 + ~m2)(~I
2
0 · ~m1 − ~I
1
0 ~m2)
+
θ
8πT
(~m2 × ~m1)(~I
2
0 · ~m1 + ~I
1
0 ~m2)
]
, (13)
where we assumed m21 = 1 and m22 = 1.
A tractable limit of the problem is the case of negligible
exchange terms, θ = 0. A detailed analysis of this situation is
given in Appendix A. Assuming that the two ferromagnets are
subject to identical magnetic fields ~H1 = ~H2, and linearizing
the LLG equations we obtain
4m1/2x =
m1 +m2
2
cos
γHt
1 + α20
exp
(
−
α0γHt
1 + α20
)
±
m1 −m2
2
cos
(1 + 2α2)γHt
(α0 + 2α1)2 + (1 + 2α2)2
exp
[
−
(α0 + 2α1)γHt
(α0 + 2α1)2 + (1 + 2α2)2
]
,
m1/2y =
m1 +m2
2
sin
γHt
1 + α20
exp
(
−
α0γHt
1 + α20
)
±
m1 −m2
2
sin
(1 + 2α2)γHt
(α0 + 2α1)2 + (1 + 2α2)2
exp
[
−
(α0 + 2α1)γHt
(α0 + 2α1)2 + (1 + 2α2)2
]
, (14)
where α1/2 = γA1/2/2Ms, and we assumed the initial condi-
tions, mx1/2 = m1/2 andm
y
1/2 = 0. We note that the solutions
contain two terms, each of them being a superposition of pre-
cession and exponential decay. The first term (m1 + m2) is
not affected in any way by the Luttinger liquid physics, while
in the second term (m1 −m2) the time constants for preces-
sion and decay are modified due to the LL interactions. In
particular, power law dependencies on temperature are added
to these coefficients through the α terms.
IV. RENORMALIZATION OF THE GILBERT DAMPING
CONSTANT DUE TO THE SPIN FLOW BETWEEN A
FERROMAGNET AND A LUTTINGER LIQUID
As before, the LLG equation for the magnetization in the
FM can be written as
d~m
dt
= −γ ~m× ~H + α0 ~m×
d~m
dt
−
γ
Ms
~I, (15)
where, similar to the previous section, the spin current ~I =
~I0− ~Ib is the total current flowing out of the ferromagnet. The
two contributions ~I0 and ~Ib correspond to the pumped and
backscattered spin currents, and are described by Eqs. (9),
and (11) with ~mi = ~m, respectively. Equation (15) can be
rewritten as
d~m
dt
= −γ′~m× ~H + α~m×
d~m
dt
, (16)
where γ′ and α are renormalized constants. Our goal is to
compute the total current ~I and consequently determine the
coefficients γ′ and α for various setups.
In this section we compute these renormalized constants for
a ferromagnet in contact with a LL of finite size L, and char-
acterized by a spin flip time τsf . We assume that the transport
in the LL at long wavelengths is diffusive.
A few comments are in order: if τsf is very large, i.e. if the
spin flip is negligible, after a long enough time the spin ac-
cumulation in the LL would be large, such that the current in-
jected from the FM would equal the backscattered current, and
LL
FM
x=0 x=L
m H
FIG. 2: Ferromagnet-Luttinger liquid junction
the total current will be zero. If τsf is very small, any spin ac-
cumulation in the LL is relaxed instantaneously, the backscat-
tered current is negligible and the total current is equal to the
injected current.
For a real system neither situation may be correct, and we
take the spin flip time τsf to be finite. Along the lines of Ref. 4
the diffusion equation for the spin in the LL is
iω~µs = D∂
2
x~µs − τ
−1
sf ~µs, (17)
with the boundary conditions ∂x~µs(x) = −(2πvF /D)~I , at
x = 0, and of vanishing spin current, ∂x~µs(x) = 0, at x = L.
Here D is the diffusion coefficient.
The coupled equations for ~µs(x) and ~I can be solved (for
details see Appendix B). The renormalized LLG equation co-
efficients are:
γ′ =
γ
1 + γMs (B1A2 −B2A1)
,
α =
α0 +
γ
Ms
(B1A1 +A2B2)
1 + γMs (B1A2 −B2A1)
. (18)
where B1 = (1 + ξT )/[(1 + ξT )2 + (ξθ)2/(16π2)],
B2 = (ξθ)/{4π[(1 + ξT )2 + (ξθ)2/(16π2)]}, and ξ =
(2πvF /Dk) coth(kL), where k = 1/
√
Dτsf .
The effects of the Luttinger liquid physics are best observed
by estimating the renormalization of the Gilbert damping α,
and focusing on its temperature dependence. The spin pump-
ing causes a negligible renormalization to γ, as γ~/Ms ≪ 1.
The corrections to the Gilbert damping α are more significant,
as α0 itself is a small quantity4,5 (of the order of 10−2 in some
5materials). In order to extract the temperature dependence of
this correction, for illustrative purposes, we focus on the par-
ticular limit ξT ≪ 1, other limits can be explored as well. In
this case the Gilbert damping shows a power law dependence
in temperature :
α = α0 +
γ~
Ms
( T
ǫ0
)δ
C, (19)
where the constant C = [t1+t2ξθ/4π]/(1+ξ2θ2/16π2), and
t1 and t2 are temperature independent coefficients defined in
relation to A1/~ = t1(T/ǫ0)δ , and A2/~ = t2(T/ǫ0)δ . The
renormalization of the Gilbert damping is significant if α0 is
smaller than the correction term in Eq. (19). This can be
achieved experimentally for some clean materials in which α0
is small, and the experimental signature of this effect would be
a temperature power law dependence of the measured Gilbert
damping coefficient.
V. FERROMAGNET – LUTTINGER LIQUID – METAL
JUNCTION
We now consider a setup consisting of a ferromagnet with
time dependent magnetization in contact with a Luttinger liq-
uid of length L. The Luttinger liquid is connected at the other
end to a normal metal. We assume that the length of the wire
is shorter than the mean free path for spin flip so that the trans-
port in the wire is ballistic.
x=0 x=L
m H
FM
MLL
FIG. 3: Ferromagnet-Luttinger liquid-metal
As before we can write down equations for the current flow-
ing through the wire. The current flowing from the FM to the
LL is described by the same equations as in the previous sec-
tion, while the current at the LL-metal junction is described
by Ohm’s law. We assume that the transport in the wire is
ballistic so that the spin chemical potential ~µs and the spin
current ~I are constant throughout the wire. In the metal we
assume that the spin dynamics is dominated by diffusion with
Dm being the diffusion coefficient, and τmsf being the spin flip
time. The details of the derivation are given in Appendix C.
We find
γ′ =
γ
1 + γMs (C1A2 − C2A1)
,
α =
α0 +
γ
Ms
(C1A1 +A2C2)
1 + γMs (C1A2 − C2A1)
. (20)
Here C1 = a1/(a21 + a22), C2 = a2/(a21 + a22),
a1 =
[
1 +
T1
T2
(1 + T2ξM )
]
, (21)
a2 =
θ
4π
(1 + T2ξM
T2
)
,
and ξM =
√
Dmτmsf coth(L/
√
Dmτmsf )/(Nm~DmS). Also
Nm is the density of states in the metal, Dm is the diffusion
coefficient in the metal, and S is the cross-section of the metal.
Again we find that the corrections to γ are negligible. We
can further assume that the metal is a good spin sink, τmsf is
very small, and the term proportional to ξM can be dropped.
Consequently we can write
α = α0 +
γ~
Ms
( T
ǫ0
)δ
Cm, (22)
where
Cm =
t1(1 + T1/T2) + t2(θ/4πT2)
(1 + T1/T2)2 + (θ/4πT2)2
. (23)
For illustrative purposes we consider two limits. First, if
θ = 0, D = t1/(1 + T1/T2) and is temperature independent.
Second, if θ ≫ T2,
α = α0 +
γ~
Ms
( T
ǫ0
)2δ t24πT 02
θ
(24)
is renormalized by a term which shows a temperature power
law dependence with an exponent twice as large than in the
previous case. Here T 02 is temperature independent and is de-
fined by T2 = T 02 (T/ǫ0)δ.
VI. CONCLUSIONS
We analyzed the injection of spin from a ferromagnet with
time dependent magnetization into a Luttinger liquid. We
found that the spin current injected into the LL has a simi-
lar form to the current that would be injected into a normal
metal. However, the effect of the interactions in the LL is to
suppress the spin pumping as a power law in temperature. We
computed the total current flowing from a FM into a LL in a
few cases: a FM-LL-FM junction, a FM connected to a finite
size LL, and a FM-LL-metal junction. As a result of the LL
physics, we found that in these setups the renormalization of
the Gilbert damping is also suppressed from the normal metal
case. It would be interesting to see if future experiments can
identify junctions in which this power law suppression is ob-
served. Also it would be interesting to test for spin currents
injected through this method and transported over longer dis-
tances in good LL’s (e.g. carbon nanotubes).
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APPENDIX A: FM-LL-FM JUNCTION
If we consider the exchange coupling to be negligible,
Eq.(13) describing the spin current simplifies to
~I =
~I10 − ~I
2
0
2
. (A1)
We substitute this result for the spin current, into the cor-
responding coupled LLG Eqs.(15) for the ferromagnets’ mag-
netization vectors. We assume that in each FM the magne-
tization is ~mi = Hˆi + δ ~mi, and δ ~mi are small, so that we
can write linearized equations in δ ~mi. We consider the case
two magnetic fields parallel to each other in the two ferrro-
magnets, ~H1|| ~H2||zˆ. We note that up to quadratic correc-
tions, the coupled equations preserve the magnitudes of ~mi,
i.e. ~mi · d~mi/dt = 0.
Thus the two coupled equations,
(
1 +
γA2
2M1s
)d~m1
dt
= −γ ~m1 × ~H
1 +
(
α0 +
γA1
2M1s
)
~m1 ×
d~m1
dt
+
γA2
2M1s
d~m2
dt
−
γA1
2M1s
~m2 ×
d~m2
dt(
1 +
γA2
2M2s
)d~m2
dt
= −γ ~m2 × ~H
2 +
(
α0 +
γA1
2M2s
)
~m2 ×
d~m2
dt
+
γA2
2M2s
d~m1
dt
−
γA1
2M2s
~m1 ×
d~m1
dt
(A2)
can be linearized to yield
(1 + α2)
dδm1x
dt
= −γδm1yH1 − (α0 + α1)
dδm1y
dt
+ α1
dδm2y
dt
+ α2
dδm2x
dt
,
(1 + α2)
dδm1y
dt
= γδm1xH1 + (α0 + α1)
dδm1x
dt
− α1
dδm2x
dt
+ α2
dδm2y
dt
,
(1 + α2)
dδm2x
dt
= γδm2yH2 − (α0 + α1)
dδm2y
dt
+ α1
dδm1y
dt
+ α2
dδm1x
dt
,
(1 + α2)
dδm2y
dt
= −γδm2xH2 + (α0 + α1)
dδm2x
dt
− α1
dδm1x
dt
+ α2
dδm1y
dt
, (A3)
where α1/2 = γA1/2/2Ms and we assumed that the two fer-
romagnets are identical, so that M1s = M2s = Ms. We can
solve the above linear system of equations in the particular
case ~H1 = ~H2 = Hzˆ. Assuming that the initial configuration
is δm1x = m1, δm2x = m2, and δmy = 0, with m1 ≪ 1 and
m2 ≪ 1, we obtain
7m1/2x =
m1 +m2
2
cos
γHt
1 + α20
exp
(
−
α0γHt
1 + α20
)
±
m1 −m2
2
cos
(1 + 2α2)γHt
(α0 + 2α1)2 + (1 + 2α2)2
exp
[
−
(α0 + 2α1)γHt
(α0 + 2α1)2 + (1 + 2α2)2
]
,
m1/2y =
m1 +m2
2
sin
γHt
1 + α20
exp
(
−
α0γHt
1 + α20
)
±
m1 −m2
2
sin
(1 + 2α2)γHt
(α0 + 2α1)2 + (1 + 2α2)2
exp
[
−
(α0 + 2α1)γHt
(α0 + 2α1)2 + (1 + 2α2)2
]
, (A4)
APPENDIX B: FM-LL JUNCTION
As described in Section II, the injected current is
~I0 = −A1 ~m×
d~m
dt
+A2
d~m
dt
. (B1)
If we denote the chemical potential of the spin accumulated in
the LL by ~µs, the backscattered current due to the accumula-
tion of spin (Eq. (11) can be written as
~Ib = T ~µs −
θ
4π
~µs × ~m, (B2)
in the limit µs ≪ kBT . The total current is given by ~I =
~I0−~Ib, where ~I0 and ~Ib are given respectively by the equations
(B1) and (B2).
Along the lines of Ref. 4 the diffusion equation for the spin
in the LL is
iω~µs = D∂
2
x~µs − τ
−1
sf ~µs, (B3)
with the boundary conditions ∂x~µs(x) = −(2πvF /D)~I at
x = 0, and of vanishing spin current, ∂x~µs(x) = 0, at x = L.
Correspondingly, the accumulated spin chemical potential
in the LL at the junction with the FM is ~µs = ξ~I , where
ξ = (2πvF /Dk) coth(kL), D is the diffusion coefficient
in the wire, and k =
√
1 + iωτsf/
√
Dτsf . Similar to
Ref. 4, Since the frequency of precession of the ferromagnet
is much smaller than the inverse spin flip time, we can take
k ≈ 1/
√
Dτsf , like in Ref. 4.
Consequently we obtain an equation for ~I
(1+ ξT )~I −
ξθ
4π
~I × ~m = A1 ~m×
d~m
dt
−A2
d~m
dt
= ~I0, (B4)
whose solution is
~I = B1~I0 +B2(~I0 × ~m)
= (B1A2 −B2A1)
d~m
dt
− (B1A1 +B2A2)~m×
d~m
dt
,
(B5)
where B1 = (1+ξT )/[(1+ξT )2+(ξθ)2/(16π2)], andB2 =
(ξθ)/{4π[(1 + ξT )2 + (ξθ)2/(16π2)]}. Here we made the
assumptions that the length of the magnetization vector ~m is
not changing with time and for simplicity we took it to be
|~m| = 1; consequently ~m · (d~m/dt) = 0. The spin current ~I
is then incorporated in the LLG equation
d~m
dt
= −γ ~m× ~H + α0 ~m×
d~m
dt
−
γ
Ms
~I, (B6)
which can be rewritten as
d~m
dt
= −γ′ ~m× ~H + α~m×
d~m
dt
. (B7)
Here γ′ = γ/[1+(γ/Ms)(B1A2−B2A1)], and α = [α0+
(γ/Ms)(B1A1 +A2B2)]/[1 + (γ/Ms)(B1A2 −B2A1)].
APPENDIX C: FM-LL-METAL JUNCTION
The current flowing from the ferromagnet to the LL is
~I = ~I0 +
θ
4π
~µs1 × ~m− T1~µs1. (C1)
The current flowing from the LL into the metal is
~I = T2(~µs1 − ~µs2), (C2)
where ~µs1 is the spin chemical potential in the wire, which
in case of ballistic transport is uniform along the LL, and
~µs2 is the spin chemical potential in the metal at point B.
The two “spin conductances” T1 and T2 are defined simi-
larly to the previous appendix, with the index 1 correspond-
ing to the FM-LL interface, and the index 2 to the LL-
metal interface. The spin current and the spin chemical po-
tential ~µs2 in the metal can be related by4 ~µs2 = ξM ~I .
Here ξM = coth(kmL)/(Nm~DmSkm), Nm is the den-
sity of states in the metal, Dm is the diffusion coefficient
in the metal, S is the cross-section of the metal, and km =√
1 + iωτmsf/
√
Dmτmsf ≈ 1/
√
Dmτmsf . The corresponding
equation for the spin current flowing through the junction is
a1~I − a2~I × ~m = ~I0, (C3)
8with
a1 =
[
1 +
T1
T2
(1 + T2ξM )
]
, (C4)
and
a2 =
θ
4π
(1 + T2ξM
T2
)
. (C5)
Solving for ~I we get
~I = C1~I0 + C2(~I0 × ~m)
= (C1A2 − C2A1)
d~m
dt
− (A1C1 + C2A2)~m×
d~m
dt
,
(C6)
where C1 = a1/(a21 + a22) and C2 = a2/(a21 + a22). We thus
find in this case γ′ = γ/[1 + (γ/Ms)(C1A2 − C2A1)], and
α = [α0 + (γ/Ms)(C1A1 + A2C2)]/[1 + (γ/Ms)(C1A2 −
C2A1)] .
